The continuity of the metric projection onto an approximatively compact set in a uniformly convex and uniformly smooth Banach space in investigated. An explicit modulus of continuity for the metric projection which depends on the directional radius of curvature at a certain point of the set is obtained. The results gene]-alize and improve those obtained by B. 0. BjGrnesM 299
INTRODUCTION
Let A4 be a nonempty set in a Banach space B. The metric projection P of B into A4 is defined by P(X) = ( JI / JJ E M, infrnE,, I]x -m]] = l]x -?'I] }. x E B. In our discussion we will assume that M proximinal which means that P(x) # 0 for every x' in B. It is well known that when M is a closed convex set in a uniformly convex Banach space (e.g., a Hilbert space), the metric projection P is a singleton and continuous. See [ 5 ] for a proof.
If M is a closed convex set in a Hilbert space, then (as is well known) P satisfies i]&'(y) -P(x)11 < /] y -xl] for all y and X. For such a set in a uniformly convex and uniformly smooth Banach space Bjornestal ] 3 ] proved that /]P(JJ) -P(x)]] < 2% '(2fi(6 /]y -xl])), where 6-' is the inverse function of the modulus of uniform convexity, p' is the modulus of uniform smoothness and where it is assumed that ]Jx -P(x)ll = 1. P may be a singleton and continuous even if the set A4 is not convex; as a matter of fact, Wolfe in [7 J has proved that if M is a C2-approximately compact manifold in a Hilbert space, then P is a singleton and Frechet differentiable in an open dense set. Furthermore, in this case the present author has shown in [ I] that whenever. throughout an open set S. P(x) is a singleton, continuous and fx, it is Frechet differentiable in S and its Frechet derivative P'(x) satisfies there ]I P'(x)ll 7 p/@ -r), where r 7 /Ix ~~ P(x)]1 and p is the reciprocal of the maximum principal curvature of M at P(X) in the direction of x ~ P(X). (If this principal curvature = 0 we take p = 00 in which case IIP'(x)(I = 1.) Even when M is not C' it is possible to define the notion of directional radius of curvature. see [2, 41 for the definition. and using it we have proved the following theorems for a Hilbert space, see [ 2 1. This improves the classical estimate 11 P(J)) -P(x)11 < l/y -x/I. see 14 I. because, as it turns out, p < 0 when M is convex.
The purpose of this paper is to generalize Theorems 1 and 2 in the context of uniformly smooth and uniformly convex Banach spaces.
DEFINITIONS
A set M in a Banach space B is called approximatively compact if for each x in B and each sequence (m,,} c M such that /lx -m,,ll --t infmt.rr Ilx -4 th ere exists a subsequence converging to a point in M.
Radius of Curvature.
Let M be a set in a Banach space B. Let x E B (x @ M) be a point such that P(x) is a singleton. Consider the unit vector L' = (x -P(x))/(llx -P(x)ll) and points ,U in M close to m = P(x). We assume m is a limit point of M. Next we consider the following equation in t: 0. Bjornestal proved lip(y) -P(x)11 < 2& '(2c(6 11 y -xii)) provided that /Ix ~ P(x)11 = I an y is sufficiently close to x. (Here and below 6-I is the d inverse function to 6.) Our goal is to introduce a new technique which will allow us to estimate the modulus of continuity of the metric projection in the case that M is an approximatively compact set. This technique uses the directional radius of curvature at points of the set M and gives better estimates than those of Bjornestal.
We shall make use of Lemma 3.1 which can be found in 16. p. 388 I. Theorem 3.1 gives a sharp estimate of the modulus of continuity of the metric projection for the case that M is an approximatively compact set in a uniformly convex and uniformly smooth Banach space. Theorem 3.1 improves and generalizes results by Bjornestal in 13 1 who obtained estimates of the modulus of continuity for the case that the set M is closed and convex. Our method of proof is different from his and is based on the concept of directional radius of curvature and thus may be called the "curvature method." where mY is any element of P(y). Also observe that the unequality l/y -fn,() < IIJ~I~ holds trivially because we assumed that 0 was in M.
Let M: be the intersection of the ray from @(m, a) ~ a)c through ~8 with the sphere of radius /I y// centered at y. We consider the two cases 1< 2 and I > 2. See Fig. 1 . The last inequality can be rewritten as from which we get
In the case where 1 > 2 we take a convex combination of 2 ~1 and M, J' and obtain the following inequality:
In the derivation of this inequality we used the fact that P(cxx) = 0. Observe also that since // 4' -z 11 ,< Ij 4' -mJI, we obtain Finally, since llrn,.jj < l/m,. ~ zlj + /Iz~,, we have for 2 < 1. Now we would like to specialize our results to the L" spaces in order to get specific estimates. ProoJ Using the known moduli of uniform convexity and uniform smoothness in LPoI), l<p<2. see 141, we estimate hii J,dx I/m, -m Il/li .v -xJIp" using Theorem 3.1. We then let r;l+ 0 and obtain the corollary.
We would like to point out that the estimates of this corollary are sharp in some sense because there is a subspace of Lp, 1 < p < 2,. and a point x such that lim ~ ,,(llp(y) -P(x)ll/ll J -x~~"") = C > 0. See 13 I for details.
